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Abstract. For any smooth projective variety X of dimension n 
over an algebraically closed field k of characteristic p > Q with 
> 0. If T^(f^^) (0 < £ < n(p - 1)) are semi-stable, then 
the sheaf of exact 1-forms is stable. When X is a surface with 
/i(ri^) > and is semi-stable, the sheaf B\ of exact 2-forms 
is also stable. Moreover, under the same condition, the sheaf Z]^ 
of closed 1-forms is stable when p > 3, and Z]^ is semi-stable when 



1. Introduction 

Let X be a smooth projective variety over an algebraically closed 
field k with char(/c) = p > 0. Let F : X ^ Xi := X k denote 
the relative Frobenius morphism over k. In the de Rham complex 
of X, the subsheaf Bx = image {d : F*!]*^ ^ (I'esp. Z^j^ = 

kernel {d : ~^ ^)) ^*^x called the sheaf of locally exact 

z-forms (resp. locally closed i-forms). Fix an ample divisor H on X, 
the slope of a torsion free sheaf S is fi{£) := ci{S) ■ B."-'^ /ik^S), where 
dim(X) = n and rk(£) denotes the rank of S. A torsion free sheaf S is 
called semi-stable (resp. stable) if fi{S') < fi{S) (resp. < jJ^^S)) 

for any nontrivial proper sub-sheaf £' C £. In this notes, we prove 
some observations about stability of B^^^ and Z\^. 

When X is a smooth projective curve of genus g > 2, the semi- 
stability of Bj^ is proved in [3], and its stability is proved in [Ij. When 
X is a smooth projective surface with semi-stable fl]^ f^i^x) > 
the semi- stability of B]^ and Bj^ is proved in [2]. But it is not known 
whether Zj^ is semi-stable (cf. [21 Remark 3.4]). 

We show firstly that the sheaf B]^ of local exact differential 1-forms 
on X is stable if fi{^x) > and T\^l\) {0 < i < n{p - 1)) are semi- 
stable. For surfaces, the semi-stability of Qx implies semi-stability of 
T^{Qx) (0 < i < 2{p — 1)). Thus our result is a generalization of the 
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results in [1] and [2]. Then we show secondly that B\ and Zx are 
stable when X is a smooth projective surface with semi-stable fix 
n{flx) > 0- solves in particular the open problem in [2]. 

2. The stability of Bx 

Let X be a smooth projective variety of dimension n. To study the 
stability of Bj^, we recall from |5j that there is a filtration 

(2.1) = Vnip-i)+i C K(p-i) C ■ ■ ■ C 1^1 C K) = ^ = 

with injective homomorphisms V : V^/V^+i —>■ Vi-i/Ve ® Qx such that 

■.Ve/Ve+i = W ®T\n\) , 0<e<n{p-l). 

Let £^ C -F^^iy be a nontrivial subsheaf, the canonical filtration (12.11) 
induces the filtration (we assume Vm H F*S ^ 0) 

(2.2) c n F*^ c ■ ■ ■ c n F*^ c K) n F*f = F*f . 



Let 



Then 



and 



^ m 



^ m 

(2.3) /x(£:) - ^^{F,W) = — — - ^ r, (^(^,) - m(F*F,1^)) . 



P ■ rk(^) 

By using the following formula (cf. Lemma 4.2 and Lemma 4.3 in 
(2.4) ^l{F*F,W) = p ■ fx{F,W) = ^^Kx ■ H^-^ + fi{W), 



KVi/V,+,) = fx{W ® T'in'x)) = -Kx ■ H"-^ + ii{W). 
we can formulate the following lemma 

Lemma 2.1. The morphisms V : Ve/Vi+i Ve-i/Ve ® fix induce 
injective morphisms V : J-'i ^ ^e-i ® fix- Moreover, we have 



(2.5) fi{S)-f,{FM) = J2 



rr 



i=0 



p ■ Tk{S) 



P ■ M£) 
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When m < it is clear that 

(2.6) ±(^^ - i)r, > !*^r„ > 

e=o 

When m > lii^iii^ can write 

(2-7) i)ri= {£ )rnip-i)-i 

e=0 i=m+l 



The fact that V^/V^+i (Ve-i/Vi) ® Qx induce injective morphisms 
J^i J-'i-i ® < £ < m) imphes the following inequalities 

ti(t) — 1 ) 

r„(p_i)_, - r, > {£> 
(cf. [5l Proposition 4.7]). Thus we have 

(2.8) ^( ""^^ ~ - £)r, > ""^^ ~ when m7^n(p-l). 

£=0 

Lemma 2.2. When m = n{p — 1), we /iave 

r^>r„(p_i)-rk(T"(P-i)-^(r]^)) 
which implies the following inequality 

m m 

TkiS) = Y,re> r„(,_i) Erk(T"(^-i)-^(r]i,)) = r„(,_i) ■ 

£=0 £=0 

Proof. It is a local problem to prove the lemma. Let K = K{X) be 
the function field of X and consider the K-algehra 

K,---,a^.) 

where i?^ is the i^-linear space generated by 

{ a^ ■ ■ ■ aM fci + ■ ■ ■ + fc„ = < fci < p - 1 }. 
The quotients in the filtration (12.11) can be described locally 

Ve/Ve+i = W(g)KR' 
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as K-vector spaces, li K = k{xi, then the homomorphism 

V -.W ®K (^K R^'^ ®K ^K/k 

is locally the fc-linear homomorphism (cf. (3.6) in ^) defined by 

n 

V{w (g) ■ ■ ■ a^") = -w®^ ki{a^^ ■ ■ ■ af'^ ■ ■ ■ a^) dxi. 

1=1 

Then the fact that J^£ ^e-i ® J^e C W R^ is equivalent to 

(2.9) V ® fj e ^ ^Wj(d e Ti-x (1 < i < n). 

J 3 

The polynomial ring P = iffc^aj, ■ ■ ■ , acts on i? through partial 
derivations, which induces a D-module structure on i?, where 

(5g.,---,cf.J - g 

and is the linear space of degree £ homogeneous elements. In par- 
ticular, W ® R has the induced D-module structure with D acts on W 
trivially. Use this notation, (12.91) is equivalent to Di ■ JF^ c J-'i-i- 
Since R^^P'^^ is of dimension 1, for any subspace 

there is a subspace W C of dimension r„(p_i) such that 

Thus Be ■ J^n{p-i) = W'®De- = W'0 Rn{p-i)-i ^ J^n{p-i)-e for 

all < £ < n(p — 1), which proves the lemma. □ 

Recall that the sheaf of locally exact differential forms on X is 
defined by exact sequence 

(2.10) O^Ox ^ F,Ox ^ B]^^0. 

Theorem 2.3. Let X be a smooth projective variety of dimension n 
with /i(f^x) > ^'^^ ^ ^ torsion free sheaf of rank 1 on X . Assume that 
T^[Qx) (0 < i < n{p ~ 1)) are semi-stable. Then, for any nontrivial 
subsheaves £ C F^C and B' C B\, we have 



(2.11) ^{8)-^ji{FX)< 

(2.12) Mi?')-M5i)<- 



p ■ rk(^) 2 



p ■ {p^' 



STABILITY OF SHEAVES OF LOCALLY CLOSED AND EXACT FORMS 5 

when Tk{S) < Tk{F^C) and rk(5') < rk(5^). 

Proof. Since rk(£^) < Tk{F^,C) = p", by Lemma \2.2\ m 7^ n{p — 1). 
On the other hand, when C is of rank 1, Vg/V^+i = C ® T^(i7^) are 
semi-stable by the assumption. Thus, by (12.51) . we have 

(2.13) - MFX) < -^ W-^ - e)n 

which imphes f l2.1ip by (12. 8p since m 7^ n(p — 1). 

To show fl2:T2|) . for B' C B\ of rank r < rk(5]^), let £ C F^Ox be 
the subsheaf of rank r + 1 such that we have exact sequence 

^ Cx ^ ^ ^ 5' ^ 0. 

Substitute fim]) to fi{B') - fx{B}^) = ^fi{£) - ^fi{F^Ox), we have 

By the formula ([23]), we have = Thus 



/i(S') - /i(5i) < 



2p 

/i(fil,) n(p-l) 



□ 



Corollary 2.4. Lei X be a smooth projective curve of genus g > 2. 
Then, for all proper sub-bundles £ C F^C, B' C B\, we have 

f,(£)-^^(F,C)<-^—^ig-l) 

p 

Mg')-^(fli)<- "-^-;"^'' to-i). 

Proof. When dim(X) = 1, V^/V^+i = C^u^x li^^ bundles and thus 
Ti = 1 {0 < i < m) in (12. 5p . Then we can rewrite (12. 5p : 

p-rk(^) p 
which implies the following inequality 

and the equality holds if and only if JF^ = V^/V^+i. Similarly, we have 
MB') - MBi) < - "-^-^''^'' to - 1). 

P 
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□ 



Corollary 2.5. Let X be a smooth projective surface with fi{^x) > 0- 
If^x semi-stable, then for any proper nontrivial B' C B\ 



p-{p+l) 

Proof. When dim(X) = 2, we have (cf. Proposition 3.5 of [5]) 

T^(ni \ _ / Sym^(fi3^) when i<p 

^ ~ 1 Sym2(f-i)-^(fii,) ® when i > p 

where ux = ^x — ^x{.Kx) is the canonical line bundle of X. Thus 
are semi-stable whenever Vl\ is semi-stable. Then the corollary 
follows the theorem. □ 

Remark 2.6. When X is a curve of genus g > 2, the stability of Bx 
was proved by K. Joshi in [Ij. When X is a surface with fi{^x) > 0) if 
Qx is semi-stable, Y. Kitadai and H. Sumihiro proved in [2J that B]^ 
is semi-stable. 

3. The stability of Bj^ and 

Let X be a smooth projective surface with > 0. When Q]^ 

is semi-stable, Y. Kitadai and H. Sumihiro proved in [2] that Bj^ and 
Bj^ are semi-stable, but it is left open whether Zjr is semi-stable or not 
(cf. 121 Remark 3.4]). In this section, we consider the stability of Bx 
and Zx. 

Recall the definition of Bx, Zx, consider de Rham complex of X: 

F'^Ox F*^x = F^^x 

the vector bundles B^j^^ [i = 1, 2) and Zj^ are defined by 

5^ := image ( ^ F^il)^ ) , Z}^ := kernel ( F^n]^ ^ F^n\ ) . 

By the definition and Cartier isomorphism, these bundles are suited in 
the following exact sequences 



(3.1) 


^ 


^Ox- 


> F^Ox - 







(3.2) 


- 


.z\- 


> F.Vl\ - 


^Bl- 





(3.3) 


- 




-^Z\- 




> 


(3.4) 


- 


.B\- 


^ F^uJx - 


- 






where ux = ^x = Ox{Kx] 
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Lemma 3.1. Let X be a smooth projective surface with /i(^^x) > 0. // 
is semistahle, then, for any sub sheaf B' C B\, we have 

(3.5) ,,so-,(Bi,<-±Ml^Mni). 

In particular, B\ is stable. 

Proof. For B' C B\ , by exact sequence fl3.4p and Theorem I2.3[ 

(3.6) ^^{B') < ^^{F^u;x) - ^^^fi^x) ■ 

By the formula (12 ■4p and the exact sequence (13 ■4p . we have 

(3.7) ^(F.cx) = ^/x(^]^) , ^^iBl) = ^/x(^]^) . 

p p + I 

Substitute (13.70 to (13.60 . we have the inequahty (13. 5p . 

□ 

Theorem 3.2. Lei X be a smooth projective surface with fJ^i^lc) > 0- 
Then, when fix ^■^ semistable, the sheaf Z\ of locally closed 1-forms is 
stable when p > 3. Z\ is semistable when p = 3. 

Proof. For B C with rk(i?) < rk(Z]^), by (13. 3p . there are sub- 
sheaves B' C -Bjj-, -B" C satisfy the exact sequence 

(3.8) ^ B' ^ B ^ B" ^ 0. 

If B" = 0, /i(-B) = /i(-B') < fJ^iBx) < n{Zx). Thus we can assume 
B" ^ 0. If rk(fi') = rk(5^), then rk(5") = 1 and 

M5)-M^i)<-^,§f^Mfi^). 

Thus we can assume rk(i?') < rk(i?]^) if B' ^ 0. We complete the 
proof in the following two lemmas, which deal with the cases B' ^ 
and B' = respectively. □ 

Lemma 3.3. For B G Z\ with rk(5) < rk(Z^), assume that B' 
defined in (13. 8p is nontrivial with Tk{B') < Tk{Bx). Then, when p > 3, 



fi{B) - f,{Zj,) < 



p(p2 + l)rk(fi) 
and, when p = 3, ^{B) — fJ^^Zx) < 0. 

Proof. Since B' ^ with rk(i?') < rk(i?]^), by ( 13.10 . there is a subsheaf 
£ C F^Ox with rk(£^) < p'^ satisfying the exact sequence 

(3.9) O^Ox^S^ B' ^0. 
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The canonical filtration C V2P-2 C ■ ■ • C C Vq = F*F^Ox induces 

cVmr]F*s c ■■■ cVinF*s cVonF*s = f*s 

where m is the maximal number such that Vm H F*S 7^ 0. Let 

VenF*S Vi 
j-f := C , rp = rk y-/ . 

When dim(X) = 2, we have (cf. Proposition 3.5 of [5]) 

T^roi ^ - / Sym^(f]^) when £ < p 

^ ~ \ Sym2(^'-i)-^(r]^) ® ^-(P-^) when £ > p 

where ujx = Ox{Kx) is the canonical line bundle of X. Thus Vg/Ve+i 
are semi-stable whenever fix is semi-stable. Then, by Lemma 12. ![ 

(3.10) f,i£) - f^iF^Ox) < -^^^ E(P - 1 - 



£=0 

2 



where, by Lemma 12. 2[ we have m < 2p — 2 since rk(^) < p^. Notice 
that ro = 1, then (13.101) implies 

(3.11) ,iB') - ,{B\) < {±{p - 1 - l)n + ^ 

pik{B') p + 1 

By m, m and m, we have /x(i?i) = fi{Z},) - ^-^^^^f,{n]^) 
Substitute (l3TT|) and /i(5") < fi{Q]^) to (13J2D . we have 

~ MB) ^^^^^ p rk(5) ^"^ + ^ p{p + 1)) ik{B) 

p(p2 + l)rk(5) \ - (/ - j9)rk(5") 

where := ^^^(p — 1 — ^)r^ > since m < 2p — 2 . Let 

N := (p2 + l)S^ + (p + l)rk(5') - (p2 _ p)rk(5") 

To prove the lemma, it is enough to prove the claim that > when 
p > 3, and > when p = 3. If > 2, the claim is clear since 



X) 
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Tk{B") < Tk{Qx) = 2. Thus we can assume that < 1- To prove 
the claim, we also remark that m > 1 since Tq = 1 and 

m 

(3.13) = = + 1 > 2 . 

If m < p — 1, then > {p — 2)ri. The condition < 1 implies 
that p = 3 and E„ = 1. Thus N = 10 + 4rk(5') - 6rk(5") > 0. 

If m > p — 1, we show firstly that the condition < 1 implies 
m + 1 > 2p — 3. In fact, it is clear when p = 3. To show it for the case 
p > 3, by the formula (12.71) . we can write 

2p— 3 m 

= ^ {i - p + l)r2p-2-e + ^ {i-p+l){r2p-2-e-ri) 
e=m+i e>p-i 

where r2p-2-e > { i > p — 1). Thus, if m + 1 < 2p — 3, we have the 
following contradiction 

^m>{m- J5)r2p„2-(m+l) > r2p-2-{m+l) > 1 

where we remark that all of = rk(jF£) {0 < £ < m) are non-zero 
since the existence of injections J-'i — > J-'i-i ® (cf. Lemma [2.11) and 
7^ (by definition) . Then the fact that m + 1 > 2p — 3 implies 

m 

rk(S') = ^ri>m>2p-3. 

£=l 

Thus we have 

N>{p + l){2p - 3) - (p2 - p)rk{B") 
= (2 - rk(5"))p' + (rk(5") - l)j9 - 3 
which is positive when p > 3, and non-negative when p = 3. □ 
Lemma 3.4. If B' = and p > 2, then we have 

/i(i?)-M^v)<o. 

Proof. When B' = 0, B = B" has rank at most 2. By (13. 2p . we consider 
B C F^Qx ^iid the canonical filtration 

= V2P+1 C V2P-2 C ... ViCVo = F*F,n], . 

If Vi n F*5 = 0, then F*B C Vq/Vi = By ;u(F*5) < and 

/^ix P^-p + 2 ^ 

KZx) = 2 ^ I f^y^x) 
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we have 

^,{B) - fiiz^) < ^^^2 ^ 1) ^'(^x)■ 

If Vi n F*5 ^ 0, then rk{B) = 2, n F*5 = and 

VinF*B Vi K) n F*B Vo 

^ 1/2 n ^ V2 ' ° n F*5 ^ 

are subsheaves of rank 1. On the other hand, by a theorem of Ilangovan- 
Mehta-Parameswaran (cf. Section 6 of [3] for the precise statement): 
If El, E2 are semi-stable bundles with Tk{Ei) + rk(ii^2) < P + 1, then 
El (g) E2 is semi-stable. We see that 

V1/V2 = n],®n],, Vo/Vi = n\ 

are semi-stable since p > 2. Thus 

(3.14) fi{B) = ^(-^o)+/^(-^i) < ^'(^x) + f^i^x ® ^x) 



2p - 2p 



which implies that 



KB) - KZx) = KB) - '''p2+|V (»if) 

< - '^^Kn\) 

2p p^ + I 

p2(2p-5) +Ap-3 



2p{p^ + 1) 
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